Abstract. Let E be an elliptic curve defined over the rationals and let N be its conductor. Assume N is prime. In this paper we give numerical evidence that suggests some conjectures on the 2-divisibility of certain sums of Heenger points of discriminant D dividing 4N on the elliptic curve E. One of these conjectures suggests a possible link between the parity of the eigenvalue a A (2) and the parity of theŠafarevič-Tate group X(A) of certain elliptic curves A of square conductor.
where a E (p) = p + δ p − #(E Fp ), with δ p = 0 if E has bad reduction at p and 1 otherwise. By the work of Wiles [13] and Breuil-Conrad-Diamond-Taylor [3] we know that
is a normalized newform of weigth 2 and level N E . Let E f be the elliptic curve over the field of complex number C determined by the periods of
regarding ω f as a (holomorphic) differencial on the modular curve X 0 (N). By the work of Mazur and Swinnerton-Dyer [11] we know that E f may be provided with a Q-structure such that L(E f , s) = L(f, s) and such that the natural map from X 0 (N) to E f sending ∞ to the identity element O of E f is defined over Q. In particular, by Faltings' isogeny theorem [5] the curves E and E f are isogenous over Q. Thus there is a non-constant morphism ) does not satisfy the Heegner condition. Assume further that the derivative L ′ (E, 1) = 0, so that E has analytic 1. By the work of Kolyvagin [10] we know that the rank of E is 1. To simplify the exposition assume E Q is torsion free. Fix a generator g E of the Mordell-Weil group E Q of E over Q. Define β D,r ∈ Z by the equation
where (y 
The conjectures
Suppose N divides D. So taking the weighted trace associated to D involves dividing by 2 a sum over a Galois orbit over Q of points on E obtained as images of the Heegner points of discriminant D. Now consider in particular the discriminant D = −4N and assume from now on that N is prime. Numerical evidence shown below strongly suggests that (at least) the f -eigencomponents (y + D ) f of the generalised trace y D may be further divided by 2 in E(Q), provided N satisfies a certain congruence condition.
2 But we shall find convenient to state a slightly stronger conjecture first. Table 1 . Table 1 , below.)
By the work of Gross-Kohnen-Zagier [8] we know that for each prime p such that gcd(p, N) = 1 we have
provided D is fundamental. So clearly Equation 2.1, with p = 2 and D = −N together with Conjecture 2.1 imply the following.
Conjecture 2.2.
Assume that E is such that N E ≡ 3 (mod 4). Then the integer β −4N is even.
Example 2.3. Suppose E is elliptic curve 43A1 of Cremona's Tables [4] . So E is an elliptic curve with minimal Weierstraß equation Using the following lemma we will actually prove part of Conjecture 2.2.
Lemma 2.4. Let E be an elliptic curve of prime conductor N. If N ≡ 7 (mod 8), then a(2) = ±1.
Proof. By brute force it may be found the list of the reduction modulo p = 2 of all possible Weierstraß models of E over Z together with the corresponding eigenvalue a(p):
By inspection we may see that a(2) ∈ 2Z implies a 1 ∈ 2Z. Now suppose (a 1 , a 2 , a 3 , a 4 , a 6 ) is a global minimal Weierstraß equation of E over Q, normalised so that |a 3 | ≤ 1. A straight forward computation shows that ∆ ≡ 7a 6 a Table 2 are again the numbers β −N , for prime N ≤ 20 000 such that N ≡ 3 (mod 4), now with a E (2) odd. In sharp contrast with Table 1, in Table 2 we may see examples of both, even β −N and odd β −N . There are 25 even β −N and 33 odd β −N .
Let X(E) be theŠafarevič-Tate group of E over Q and let E D be the twist of the elliptic curve E associated to a fundamental discriminant D. Conjecture 2.1 suggests the following. Table 2 . β −N,E such that a E (2) = ±1 and N ≡ 3 (mod 4) prime.
Conjecture 2.7. Let E be as above and assume N ≡ 3 (mod 4), with N prime such that
Recall that for each fundamental discriminant D and each prime p [12] it is easy to find a global minimal model for A = E (−N ) . Then using Cremona's Tables [4] it may be found that A is in fact curve 1849D1 of conductor N A = 43 2 .
A short calculation shows that the eigenvalue a A (2) = 2. This is consistent with the (refined version of the) Birch and Swinnerton-Dyer conjecture, which predicts that |X(A)| = 4.
We have a further conjecture. Table 3 suggests the following. Table 3 , below.)
Further remarks
A well-known result of Gross, Kohnen, and Zagier [8] implies that the integers β D for D = −3, −4, . . . are the coefficients of the newform g of weight 3 2 , that corresponds (modulo multiplication by a scalar) to the newform f of weight 2 via the Shimura correspondence.
3
Perhaps a divisibility theory of (suitably normalised) half-integral weight modular forms analogous to the divisibility theory of integral weight modular forms might lead to a proof of the conjectures stated above. However, not much is known about divisibility properties of modular forms of half-integral weight, apart from the work of Koblitz [9] , and the work of Balog, Darmon, and Ono [1] , which is about modular forms of half-integral weight and level N = 4. For example, by the work of Koblitz [9] we know that Ramanujan's famous congruence τ (n) ≡ σ 11 (n) (mod 691), Table 3 . β −4N,E and β −4 with N ≡ 1 (mod 4) prime.
where
τ (n)q n and σ k (n) = d|n d k descends via the Shimura correspondence to the congruence α(n) ≡ −252c(n) (mod 691), where δ = ∞ n=1 α(n)q n is the cusp form of weight 13 2 for Γ 0 (4) that corresponds to ∆ under the Shimura lift, normalised so that α(1) = 1 and c(n) is the coefficient of q n in H. Cohen's generalised class number Eisenstein series H 13 2 = ∞ n=1 c(n)q n .
